We derive formulas for the mean curvature of special Lagrangian 3-folds, associative 3-folds, and coassociative 4-folds in the general case where the ambient space has intrinsic torsion. Consequently, we are able to characterize those SU(3)-structures (resp., G 2 -structures) for which every special Lagrangian 3-fold (resp. associative 3-fold, coassociative 4-fold) is a minimal submanifold.
Introduction

Results on Special Lagrangians
Let (M 6 , Ω, Υ) be a 6-manifold with an SU(3)-structure (Ω, Υ) ∈ Ω 2 (M ) ⊕ Ω 3 (M ; C). The firstorder local invariants of (Ω, Υ) are completely encoded in six differential forms, called the torsion forms of the SU(3)-structure, denoted (τ 0 , τ 0 , τ 2 , τ 2 , τ 3 , τ 4 , τ 5 
In order to study special Lagrangian 3-folds in M , we will break the torsion forms into SO(3)-irreducible pieces with respect to a certain splitting of T M . Indeed, in §2.3, we will decompose τ 0 , τ 0 , τ 2 , τ 2 , τ 3 , τ 4 , τ 5 into SO(3)-irreducible components, writing
We will refer to the individual pieces
as refined torsion forms (with respect to a certain splitting of T M ). It turns out that the mean curvature of a special Lagrangian can be expressed purely in terms of the refined torsion forms:
Theorem 2.10: Let M 6 be a 6-manifold equipped with an SU(3)-structure. The mean curvature vector H of a phase θ special Lagrangian 3-fold immersed in M is given by
Results on Associatives and Coassociatives
Let (M 7 , ϕ) be a 7-manifold with a G 2 -structure ϕ ∈ Ω 3 (M ). The first-order local invariants of ϕ are completely encoded in four differential forms, called the torsion forms of the G 2 -structure, denoted
In order to study associative 3-folds and coassociative 4-folds in M , we will break the torsion forms into SO(4)-irreducible pieces with respect to a certain splitting of T M . Indeed, in §3.3, we will decompose τ 0 , τ 1 , τ 2 , τ 3 into SO(4)-irreducible components, writing τ 0 = τ 0 τ 2 = (τ 2 ) A + (τ 2 ) 1,3 + (τ 2 ) 2,0 τ 1 = (τ 1 ) A + (τ 1 ) C τ 3 = (τ 3 ) 0,0 + (τ 3 ) 0,4 + (τ 3 ) 2,2 + (τ 3 ) 1,3 + (τ 3 ) C
as refined torsion forms (with respect to a certain splitting of T M ). As for special Lagrangians, the mean curvature of associatives and coassociatives can be expressed in terms of the refined torsion:
Theorem 3.9: The mean curvature vector H of an associative 3-fold in M is given by
where and ‡ are certain isometric isomorphisms defined in (3.5) and (3.18), respectively. In particular, a G 2 -structure on M has the property that every associative 3-fold in M is minimal if and only if τ 1 = τ 3 = 0. Equivalently, if and only if dϕ = λ * ϕ for some constant λ ∈ R. where and are certain isometric isomorphisms defined in (3.5) and (3.11), respectively. In particular, a G 2 -structure on M has the property that every coassociative 4-fold in M is minimal if and only if τ 1 = τ 2 = 0. Equivalently, d * ϕ = 0.
These formulas can be regarded as a submanifold analogue of the curvature formulas derived by Bryant [3] for 7-manifolds with G 2 -structures. We will also derive an obstruction to the local existence of coassociative 4-folds: Theorem 3.10: If a coassociative 4-fold Σ exists in M , then the following relation holds at points of Σ:
where † is an isometric isomorphism defined in (3.17) .
In particular, if τ 3 = 0 and τ 0 is non-vanishing, then M admits no coassociative 4-folds (even locally). Note that Theorem 3.10 generalizes the well-known fact that nearly-parallel G 2 -structures (viz., those with τ 1 = τ 2 = τ 3 = 0 and τ 0 non-vanishing) cannot admit coassociative 4-folds.
Organization
In §2, we study special Lagrangian 3-folds in 6-manifolds with SU(3)-structures. In §2.2, we explain how to decompose the relevant SU(3)-modules (e.g., Λ k (R 6 ) and Sym 2 (R 6 )) that appear in the study of SU(3)-structures into SO(3)-irreducible pieces. We will give explicit descriptions of these submodules, both for our own calculations and in the hopes that our setup will be useful to others.
Then, in §2.3, we use the linear algebra of §2.2 to define the relevant refined torsion forms, and express them in terms of a local SO(3)-frame. Finally, in §2.4, we prove Theorem 2.8, Corollary 2.9, and Theorem 2.10.
The structure of §3 is completely analogous. That is, in §3.2 we decompose the G 2 -modules appearing in the study of G 2 -structures into SO(4)-irreducible submodules, providing explicit descriptions as much as possible. In §3.3, we define the corresponding refined torsion forms using the linear algebra of §3.2, and express them in terms of a local SO(4)-frame.
In §3.4, we study associative 3-folds, proving Theorem 3.9. In §3.5, we study coassociative 4-folds, proving Theorem 3.10, Corollary 3.11, and Theorem 3.12.
Special Lagrangian 3-Folds in SU(3)-Structures
Our goal in this section is to derive a formula (Theorem 2.10) for the mean curvature of special Lagrangian 3-folds of arbitrary phase in 6-manifolds equipped with an SU(3)-structure. In the process, we observe an obstruction (Theorem 2.8) to their local existence.
These formulas and obstructions will be phrased in terms of refined torsion forms, which we will define in §2.3.1. These refined forms are simply the SO(3)-irreducible pieces of the usual torsion forms τ 0 , τ 0 , . . . , τ 5 of a SU(3)-structure. As such, we will use §2.2 to describe the relevant SO(3)-representation theory needed to decompose τ 0 , τ 0 , . . . , τ 5 .
Preliminaries
In this section, we define both the ambient spaces (in §2.1.2) and submanifolds (in §2.1.3) of interest. We also use this section to fix notation and clarify conventions.
SU(3)-Structures on Vector Spaces
Let V = R 6 equipped with the standard inner product ·, · and norm · . Let {e 1 , . . . , e 6 } denote the standard (orthonormal) basis of V , and let {e 1 , . . . , e 6 } denote the corresponding dual basis of V * . We will regard V C 3 via the complex structure J 0 given by J 0 e 1 = e 4 J 0 e 2 = e 5 J 0 e 3 = e 6 .
The standard symplectic form Ω 0 = J 0 ·, · and complex volume form Υ 0 are then given by Note also that vol 0 := where the constants Ω ij , ijk , ijk ∈ {−1, 0, 1} are defined by this formula. For example, Ω 14 = −Ω 41 = 1 and 123 = − 213 = 1. Identities involving the Ω-and -symbols are given in [1] .
Remark: The data ·, · , J 0 , Ω 0 , Υ 0 are not independent of one another, and one can recover ·, · and J 0 from the knowledge of Ω 0 and Υ 0 . Let us be more precise. In general, suppose (g, J, Ω, Υ) is a quadruple on V consisting of a positive-definite inner product g, a complex structure J, a non-degenerate 2-form Ω defined by g = Ω(·, J·), and a complex (3, 0)-form Υ ∈ Λ 3 (V * ; C) for which Υ ∧ Υ = 0. Then Υ is decomposable, satisfies Ω ∧ Υ = 0, the 6-form 1 8i Υ ∧ Υ is a real volume form, and finally g(X, Y )
Conversely, let (Ω, Υ) ∈ Λ 2 (V * ) ⊕ Λ 3 (V * ; C) be a pair consisting of a non-degenerate 2-form Ω and a decomposable complex 3-form Υ satisfying Υ ∧ Υ = 0 and Ω ∧ Υ = 0. Then one can recover (g, J) via
For a proof, see [15] .
In the sequel, we will always equip Λ k (V * ) with the usual inner product, also denoted ·, · , given by declaring {e I : I increasing multi-index} (2.4) to be an orthonormal basis. We let · denote the corresponding norm. We will also need both the orthogonal and symplectic Hodge star operators. These are the respective operators
We view V R 6 as a faithful SU(3)-representation. This SU(3)-representation is irreducible. However, the induced SU(3)-representations on Λ k (V * ) for 2 ≤ k ≤ 5 are not irreducible. Indeed, Λ 2 (V * ) decomposes into irreducible SU(3)-modules as
, where
where
In each case, Λ k is an irreducible SU(3)-module of dimension . One can obtain similar decompositions of Λ 4 (V * ) and Λ 5 (V * ) by applying the orthogonal Hodge star operator. The SU(3)-module Sym 2 (V * ) is also reducible, splitting as
In [1] , the authors note that the maps
(2.5)
are SU(3)-module isomorphisms. These isomorphisms will be crucial to our calculations in §2.2.
SU(3)-Structures on 6-Manifolds
Definition: Let M be an oriented 6-manifold. An SU(3)-structure on M is a pair (Ω, Υ) consisting of a non-degenerate 2-form Ω ∈ Ω 2 (M ) and a complex 3-form Υ ∈ Ω 3 (M ; C) such that at each x ∈ M , there exists a coframe u : T x M → R 6 for which Ω| x = u * (Ω 0 ) and Υ| x = u * (Υ 0 ).
Intuitively, an SU(3)-structure is a smooth identification of each tangent space T x M with C 3 in such a way that (Ω| x , Υ| x ) is aligned with (Ω 0 , Υ 0 ). We note that a 6-manifold M admits an SU(3)-structure if and only if it is orientable and spin.
Every SU(3)-structure (Ω, Υ) on M induces a Riemannian metric g and an almost-complex structure J on M via the formulas (2.2)-(2.3), reflecting the inclusion SU(3) ≤ SO(6) ∩ GL 3 (C). We emphasize that, in general, J need not be integrable, and Ω need not be closed. We also caution that the association (Ω, Υ) → g is not injective.
The first-order local invariants of an SU(3)-structure are completely encoded in a certain SU(3)-equivariant function
called the intrinsic torsion function, defined on the total space of the SU(3)-frame bundle F SU(3) → M over M . We think of T as describing the 1-jet of the SU(3)-structure. The intrinsic torsion function is somewhat technical to define -the interested reader can find more information in [8] and [13] -but several equivalent reformulations are available. Most conveniently for our purposes: the intrinsic torsion function of a SU(3)-structure is equivalent to the data of the 3-form dΩ and the complex 4-form dΥ.
In [1] , the exterior derivatives of Ω and Υ are shown to take the form
and we are abbreviating Λ k := Λ k (T * M ), etc. We refer to τ 0 , τ 0 , τ 2 , τ 2 , τ 3 , τ 4 , τ 5 as the torsion forms of the SU(3)-structure.
Following standard conventions, we let
Consider the set S consisting of the 2 7 = 128 vector bundles
Definition: Let E ∈ S be a vector bundle on the list above. We say that an SU(3)-structure belongs to the torsion class E iff the torsion forms of the SU(3)-
For example, an SU(3)-structure belongs to the torsion class X 
Special Lagrangian 3-Folds
Let (M 6 , Ω, Υ) be a 6-manifold with an SU(3)-structure, and fix a tangent space (T x M, Ω| x , Υ| x ) (V, Ω 0 , Υ 0 ). In their work on calibrations, Harvey and Lawson [9] observed that the vector space (V, Ω 0 , Υ 0 ) possesses an S 1 -family of distinguished classes of 3-dimensional subspaces -the special Lagrangian 3-planes of a given phase -which we now describe.
For θ ∈ [0, 2π), consider the complex 3-form Υ θ ∈ Λ 3 (V * ; C) defined by
We refer to its real part
as the phase θ special Lagrangian 3-form, following the sign convention of [11] (rather than [9] ). Note that Im(Υ θ ) = Re(Υ θ+
), where θ + π 2 is regarded mod 2π. The 3-forms Υ θ enjoy the following remarkable property: Proposition 2.1 [9] : For each θ ∈ [0, 2π), the 3-form Re(Υ θ ) has co-mass one, meaning that:
In light of this proposition, it is natural to examine more closely those 3-planes E ∈ Gr 3 (V ) for which |Re(Υ θ )(E)| = 1. Proposition 2.2 [9] : Let E ∈ Gr 3 (V ) be a 3-plane in V . The following are equivalent:
(i) If {u, v, w} is an orthonormal basis of E, then Re(Υ θ )(u, v, w) = ±1.
(ii) E is Lagrangian and Im(Υ θ )| E = 0. If either of these conditions hold, we say that E is special Lagrangian (SL) of phase θ.
Note that every Lagrangian 3-plane is special Lagrangian for some phase θ. Note also that the S 1 -action on V = R 6 C 3 given by
induces a "change-of-phase" S 1 -action on Lag(V ) = {E ∈ Gr 3 (V ) : E Lagrangian}. Explicitly, letting {e 1 , . . . , e 6 } denote the standard R-basis of V , and letting
} is an oriented basis for the SL 3-plane e iθ · span(e 1 , e 2 , e 3 ) of phase θ, and {w 1 (θ), w 2 (θ), w 3 (θ)} is an oriented basis for the SL 3-plane e iθ · span(−e 4 , −e 5 , −e 6 ) of phase θ + π 2 .
Now, the SU(3)-action on V induces an SU(3)-action on Gr 3 (V ). This action on Gr 3 (V ) is not transitive: for example, the subset of Gr 3 (V ) consisting of special Lagrangian 3-planes of a fixed phase θ is an SU(3)-orbit. The corresponding stabilizer will play a crucial role in this section: Proposition 2.3 [9] : Fix θ ∈ [0, 2π). The Lie group SU(3) acts transitively on the subset of special Lagrangian 3-planes of phase θ:
The stabilizer of the SU(3)-action is isomorphic to SO(3).
We may finally define our primary objects of interest:
Definition: Let (M 6 , Ω, Υ) be a 6-manifold equipped with an SU(3)-structure (Ω, Υ). Identify each tangent space (
A special Lagrangian 3-fold of phase θ in M is a 3-dimensional immersed submanifold Σ ⊂ M for which each tangent space T x Σ ⊂ T x M is a special Lagrangian 3-plane of phase θ. 
Some SO(3)-Representation Theory
Let the group SO(3) act on R 3 = span{x, y, z} in the usual way. This action extends to an action of SO(3) on the polynomial ring R[x, y, z]. Let V n ⊂ R[x, y, z] be the SO(3)-submodule of homogeneous polynomials of degree n, and let H n ⊂ V n denote the SO(3)-submodule of harmonic polynomials of degree n, an irreducible SO(3)-module of dimension 2n+1. Every finite dimensional irreducible SO(3)-module is isomorphic to H n for some n.
The Clebsch-Gordan formula gives the decomposition of a tensor product of irreducible SO(3)-modules:
Only H 0 , H 1 , and H 2 will play a role in this work.
SO(3) as a subgroup of SU(3)
In our calculations, we shall need a concrete realization of SO (3) as the stabilizer of a special Lagrangian plane. Let SO(3) act on V ∼ = R 6 via the identification V ∼ = H 1 ⊕ H 1 , and let e 1 , . . . , e 6 be an orthonormal basis of V such that:
• e 1 , e 2 , e 3 ∼ = H 1 and e 4 , e 5 , e 6 ∼ = H 1 ,
• The map e i → e i+3 is SO (3) Thus, the action of SO(3) on V gives an embedding SO(3) ⊂ SU(3). The 3-plane
is special Lagrangian with phase θ and is preserved by the action of SO(3). As abstract SO(3)-modules, we have isomorphisms
Definition: We let : V → V * via X := X, · denote the usual (index-lowering) musical isomorphism, and let : V * → V denote its inverse. In the sequel, we let T , N ⊂ V denote the images of T, N ⊂ V * under the isomorphism. We also let § : T → e iθ · N denote the map
Thus, for example, (e 1 ) § = w 1 (θ), etc.
Decomposition of the Quadratic Forms on V *
We seek to decompose Sym 2 (V * ) into SO(3)-irreducible submodules. One way to do this is to use V * = T ⊕ N to split
Alternatively, recall that Sym 2 (V * ) splits into SU(3)-irreducible submodules as
where Skew(R 3 ) ∼ = Λ 2 (R 3 ) denotes the vector space of skew-symmetric 3 × 3 matrices. This description makes it plain that Sym
where we are defining
Similarly, we see that
2.2.4 Decomposition of the 2-forms on V *
We now seek to decompose Λ 2 (V * ) into SO(3)-irreducible submodules. As noted above, Λ 2 (V * ) splits into SU(3)-irreducible submodules as
On the other hand, using V * = T ⊕ N, we may also decompose Λ 2 (V * ) as
We will refine both decompositions (2.10) and (2.11) into SO(3)-submodules. To begin, note first that as SO(3)-modules, we have that RΩ 0 ∼ = H 0 and Λ 2 (T) ∼ = H 1 and Λ 2 (N) ∼ = H 1 are irreducible. Thus, it remains only to decompose Λ 2 6 , Λ 2 8 , and T ⊗ N.
Definition: Recall the isomorphism ρ : Sym
Lemma 2.4: There exist decompositions
and these consist of SO(3)-irreducible submodules. Thus, the decomposition
is SO(3)-irreducible and refines (2.10), while
is SO(3)-irreducible and refines (2.11).
Proof: The decomposition (2.12) follows from the isomorphism V → Λ 2 6 , X → ι X (Re(Υ 0 )) and the irreducible decomposition V ∼ = T ⊕ N.
Decomposition (2.13) follows from applying the isomorphism ρ : Sym 
The only trivial SO(3)-module contained in Λ 2 (V * ) is RΩ 0 , so this must correspond to the trivial component of (2.15) . Similarly, the only SO(3)-module isomorphic to H 2 contained in Λ 2 (V * ) is (Λ 2 8 ) 2 , so this must correspond to the H 2 component of (2.15). The inclusion (T ⊗ N) 1 ⊂ T ⊗ N is clear by construction, and since (T ⊗ N) 1 ∼ = H 1 we have demonstrated that decomposition (2.14)
holds. ♦ Definition: Recall the isomorphism ρ : Sym 2 + → Λ 2 8 defined in (2.5) and the set {w 1 (θ), w 2 (θ), w 3 (θ)} defined in (2.6). Consider the isomorphisms of SO(3)-modules given by
denote the inverse of this isomorphism. This map is, in fact, an isometry with respect to the given inner products on e iθ · N and (Λ 2 8 ) 1 , due to the factor of
Decomposition of the 3-forms on V *
We now seek to decompose Λ 3 (V * ) into SO(3)-irreducible submodules. As noted above, Λ 3 (V * ) splits into SU(3)-irreducible submodules as
We will refine (2.17) into SO(3)-submodules. To begin, note first that (3)-modules, while Λ 3 6 and Λ 3 12 are not.
Definition: Recall the isomorphism χ : Sym
Lemma 2.5: The decompositions
Definition: We define maps † : (Λ 3 12 ) 0 → R and ‡ : (Λ 3 12 ) 0 → R to be the unique vector space isomorphisms for which
These maps are isometries (due to the choice of 2 √ 3) with respect to our inner product (2.4).
Remark: To refine (2.18) into SO(3)-irreducible submodules, one simply has to decompose Λ 2 (T)⊗ N and Λ 2 (N) ⊗ T into irreducibles. This can be done by, say, tracing through the isomorphisms
and similarly for Λ 2 (N) ⊗ T. Since we will not need such a refinement for this work, we leave the details to the interested reader.
The Refined Torsion Forms
Let (M 6 , Ω, Υ) be a 6-manifold equipped with an SU(3)-structure (Ω, Υ). Fix a point x ∈ M , choose an arbitrary phase 0 special Lagrangian 3-plane T ⊂ T x M , and let N ⊂ T x M denote its orthogonal 3-plane. Our purpose in this section is to understand how the torsion of the SU(3)-structure decomposes with respect to the splitting
In §2.3.1, we use Lemmas 2.4 and 2.5 to break the torsion forms τ 0 , τ 0 , . . . , τ 5 into SO(3)-irreducible pieces called refined torsion forms. Separately, in §2.3.2, we set up the SU(3)-coframe bundle π : F SU(3) → M following [1] , repackaging the original SU(3) torsion forms τ 0 , τ 0 , . . . , τ 5 as a pair of functions
Finally, in §2.3.3, we express the functions T ij and U i in terms of the (pullbacks of the) refined torsion forms.
The Refined Torsion Forms in a Local SO(3)-Frame
Fix x ∈ M and split T * x M = T ⊕ N as above. All of our calculations in this subsection will be done pointwise, and we will frequently suppress reference to x ∈ M . By Lemmas 3.5 and 3.6, the torsion forms decompose into SO(3)-irreducible pieces as follows:
where here
We seek to express the refined torsion in terms of a local SO(3)-frame. To that end, let {e 1 , . . . , e 6 } be an orthonormal basis for T x M for which T = span(e 1 , e 2 , e 3 ) and N = span(e 4 , e 5 , e 6 ). Let {e 1 , . . . , e 6 } denote the dual basis for T * x M .
Index Ranges: We will employ the following index ranges: 1 ≤ p, q ≤ 3 and 4 ≤ α, β ≤ 6 and 1 ≤ i, j, k, , m ≤ 6 and 1 ≤ δ ≤ 5.
Definition: Define the 2-forms These 2-forms were obtained by applying ρ : (Sym
Lemma 2.6: We have that:
Definition: Define the 3-forms 
These 3-forms were obtained by applying the isomorphism
of (2.5) to a suitable basis of Sym
Lemma 2.7: We have that:
We now express (τ 2 ) T , ( τ 2 ) T , . . . , (τ 5 ) N in terms of the above bases. That is, we define functions
The various factors of 3, 4, and 12 are included simply for the sake of clearing future denominators.
Note that the bases of Lemmas 2.8 and 2.9 are orthogonal but not orthonormal with respect to the inner product (2.4) on Λ k (V * ). Indeed, we have:
Thus, in terms of the isometric isomorphisms (2. 
We will need these for our calculations in §2.4.
The Torsion Functions T ij and U i
Let (M 6 , Ω, Υ) be a 6-manifold with an SU(3)-structure (Ω, Υ), and let g denote the underlying Riemannian metric. Let F SO(6) → M denote the oriented orthonormal coframe bundle of g, and let ω = (ω 1 , . . . , ω 6 ) ∈ Ω 1 (F SO(6) ; R 6 ) denote the tautological 1-form. By the Fundamental Lemma of Riemannian Geometry, there exists a unique 1-form ψ ∈ Ω 1 (F SO(6) ; so(6)), the Levi-Civita connection form of g, satisfying the first structure equation (6) , the Levi-Civita 1-form ψ is no longer a connection 1-form in general. Indeed, according to the splitting so(6) = su(3) ⊕ R 6 ⊕ R, we have the decomposition (3)) is a connection 1-form (the so-called natural connection of the SU(3)-structure) and λ ∈ Ω 1 (F SU(3) ; R 6 ) and µ ∈ Ω 1 (F SU(3) ; R) are π-semibasic 1-forms. Here, we are viewing
so that λ and µ take the form
Since λ and µ are π-semibasic, we may write
. The 1-forms λ, µ, and hence the functions T ij and U i , encode the torsion of the SU(3)-structure. In this notation, the first structure equation reads
Remark: The reader may wonder how the functions T ij , U i on F SU(3) are related to the forms τ 0 , τ 0 , . . . , τ 4 , τ 5 on M . In [1] , the authors derive expressions for the pullbacks of the torsion forms in terms of T ij , U i . That is, they derive
In the next section, we will exhibit a sort of inverse to this, expressing the T ij , U i in terms of the refined torsion forms
Decomposition of the Torsion Functions
For our computations in §2.4, we will need to express the torsion functions T ij and U i in terms of the functions A p , B δ , . . . , N p . To this end, we will continue to work on the total space of the SU(3)-coframe bundle π : F SU(3) → M , pulling back all of the quantities defined on M to F SU (3) . Following convention, we systematically omit π * from the notation, so that (for example) π * (τ 0 ) will simply be denoted τ 0 , etc. Note, however, that π * (e j ) = ω j .
To begin, recall that the torsion forms τ 0 , τ 1 , τ 2 , τ 3 satisfy
Into the left-hand sides, we substitute (2.1) and use the first structure equation (2.25) to obtain
Into the right-hand sides, we again substitute (2.1), as well as the expansions (2.21) and (2.23).
Upon equating coefficients, we obtain a system of 56 = linear equations relating the 42 = 6 2 + 6 functions T ij , U j on the left side to the 42 = dim(H 0,2 (su(3))) functions τ 0 , τ 0 , A p , B δ , . . . , M p , N p on the right side. One can then use a computer algebra system (we have used Maple) to solve this linear system for the T ij and U i .
We now exhibit the result, taking advantage of the SO(3)-irreducible splitting
to highlight the structure of the solution. We have 1 2
Mean Curvature of Special Lagrangian 3-Folds
In this section, we derive a formula (Theorem 2.10) for the mean curvature of a special Lagrangian 3-fold in an arbitrary 6-manifold (M, Ω, Υ) with SU(3)-structure (Ω, Υ). In the process, we observe a necessary condition (Theorem 2.8) for the local existence of special Lagrangian 3-folds.
We continue to let π : F SU(3) → M denote the SU(3)-coframe bundle of M , and ω = (ω T , ω N ) ∈ Ω 1 (F SU(3) ; T ⊕ N ) denote the tautological 1-form. As above, γ = (γ ij ) ∈ Ω 1 (F SU(3) ; su(3)) denotes the natural connection 1-form, while λ = (λ ij ) ∈ Ω 1 (F SU(3) ; R 6 ) and µ ∈ Ω 1 (F SU(3) ; R) are π-semibasic 1-forms encoding the torsion of (Ω, Υ).
Fix a phase θ ∈ [0, 2π) once and for all, and define 1-forms η, ξ ∈ Ω 1 (F SU(3) ; R 6 ) via
Let f : Σ 3 → M 7 denote a immersion of a phase θ special Lagrangian 3-fold into M , and let f * (F SU (3) ) → Σ denote the pullback bundle. Let B ⊂ f * (F SU (3) ) denote the subbundle of coframes adapted to Σ, i.e., the subbundle whose fiber over x ∈ Σ is
in the notation of (2.6). We recall (Proposition 2.3) that SU(3) acts transitively on the set of special Lagrangian 3-planes with stabilizer SO(3), so B → Σ is a well-defined SO(3)-bundle. Note that on B, we have ξ = 0.
For the rest of §2.4, all of our calculations will be done on the subbundle B ⊂ F SU(3) .
We begin by expressing γ, λ, and µ as block matrices with respect to the splitting T x M T ⊕N . The 1-form γ ∈ Ω 1 (B; su(3)) takes the block form
where α pq , β pq ∈ Ω 1 (B) are 1-forms with β pq = β qp and β 11 + β 22 + β 33 = 0. As in §2.3.2, the 1-forms λ ∈ Ω 1 (B; R 6 ) and µ ∈ Ω 1 (B; R) break into blocks as
Next, we adapt our matrix-valued forms to the geometry at hand, which is that of a splitting T x M T x Σ⊕(T x Σ) ⊥ . To this end, recall that the change-of-phase action on V C 3 is the S 1 -action given by e iθ · (z 1 , z 2 , z 3 ) = (e iθ z 1 , e iθ z 2 , e iθ z 3 ). Regarding this S 1 as a subgroup of U(3) ≤ SO(6), we consider the induced Ad(S 1 )-action on so(6), given explicitly in block form as
Viewing so(6) = su(3)⊕R⊕R 6 , note that our Ad(S 1 )-action is trivial on the su(3)-and R-summands, and thus
However, the Ad(S 1 )-action is non-trivial on the R 6 -summand. We therefore set λ = Ad θ λ, writing
Explicitly, we have formulas
We may now apply these S 1 -actions to the structure equation (2.25) on F SU (3) . Using that ξ = 0 on B ⊂ F SU(3) , we deduce the first structure equation on B:
In particular, the second line gives
Note that on B, the 1-forms β pq , λ j , and µ are semibasic, and we write
Now, the 15 functions S pqr and the 42 functions (T ij , U i ) are not independent: the equation (2.30) shows that they satisfy 3 3 2 = 9 linear relations. Explicitly, the first row of (2.30) gives
while the second row gives
and the third row gives
We make two observations on this system of linear equations. 
In particular, if τ 3 = 0, then the phase of every special Lagrangian 3-fold in M satisfies the relation tan(3θ) = τ 0 / τ 0 .
Corollary 2.9: Fix x ∈ M and θ ∈ [0, 2π). If every phase θ special Lagrangian 3-plane in T x M is tangent to a phase θ special Lagrangian 3-fold, then τ 3 | x = 0 and τ 0 | x sin(3θ) = τ 0 | x cos(3θ).
Proof: The hypotheses imply that equation (2.31) holds for all phase θ special Lagrangian 3-planes at x ∈ M . Thus, we get an SU(3)-invariant linear relation between τ 0 , τ 0 , and τ 3 . This implies that We are now ready to compute the mean curvature of a phase θ special Lagrangian 3-fold.
Theorem 2.10: Let Σ ⊂ M be a special Lagrangian 3-fold immersed in a 6-manifold M equipped with an SU(3)-structure. Then the mean curvature vector H of Σ is given by
In particular, the largest torsion class of SU(3)-structures (Ω, Υ) for which every special Lagrangian 3-fold (of every phase) is minimal is
Proof: The mean curvature vector may be computed as follows:
To evaluate the first term of (2.33), we substitute β pq = S pqr η r , followed by (2.32), and finally (2.26)-(2.29), to obtain:
Similarly, to evaluate the second term of (2.33), we substitute λ i = T ij ω j and µ = U i ω i followed by (2.26)-(2.29) to obtain:
We conclude that
and so (2.24) yields
Thus, the largest torsion class of SU(3)-structures for which H = 0 for all phases is the one for which τ 2 = τ 2 = τ 5 = 0, namely
In the following Our goal in this section is to derive formulas (Theorems 3.9 and 3.12) for the mean curvature of associative 3-folds and coassociative 4-folds in 7-manifolds equipped with a G 2 -structure. In the process, we observe an obstruction (Theorem 3.10) to the local existence of coassociative 4-folds.
These formulas and obstructions will be phrased in terms of refined torsion forms, which we will define in §3.3.1. These refined forms are simply the SO(4)-irreducible pieces of the usual torsion forms τ 0 , τ 1 , τ 2 , τ 3 of a G 2 -structure. As such, we will use §3.2 to describe the relevant SO(4)-representation theory needed to decompose τ 0 , τ 1 , τ 2 , τ 3 .
Preliminaries
In this section, we define both the ambient spaces (in §3.1.2) and submanifolds (in §3.1.3) of interest. We also use this section to fix notation and clarify conventions.
G 2 -Structures on Vector Spaces
Let V = R 7 equipped with the standard inner product ·, · , norm · , and an orientation. Let {e 1 , . . . , e 7 } denote the standard (orthonormal) basis of V , and let {e 1 , . . . , e 7 } denote the corresponding dual basis of V * . The associative 3-form is the alternating 3-form φ 0 ∈ Λ 3 (V * ) defined by For calculations, it will be convenient to express φ 0 and * φ 0 in the form φ 0 = Consider the GL(V )-action on Λ 3 (V * ) given by pullback: A · γ := A * γ for A ∈ GL(V ) and γ ∈ Λ 3 (V * ). It is a classical result of Schouten (see [Bryant 87 ] for a proof) that the stabilizer of φ 0 ∈ Λ 3 (V * ) is the compact Lie group G 2 , i.e.:
We let Λ 3 + (V * ) denote the orbit of φ 0 ∈ Λ 3 (V * ) under this G 2 -action, i.e.:
In [3] , it is noted that Λ 3
is an open subset with two connected components, each diffeomorphic to RP 7 × R 28 .
The isomorphism G 2 ∼ = {A ∈ GL(V ) : A * φ 0 = φ 0 } lets us regard G 2 as a subgroup of GL(V ), which in turn lets us view V R 7 as a faithful G 2 -representation. It can be shown (see [Bryant 87] ) that this G 2 -representation is irreducible.
However, the induced G 2 -representations on Λ k (V * ) for 2 ≤ k ≤ 5 are not irreducible. Indeed, Λ 2 (V * ) decomposes into irreducible G 2 -modules as
Similarly, Λ 3 (V * ) decomposes into irreducible G 2 -modules as
= {γ ∈ Λ 3 : γ ∧ φ 0 = 0 and γ ∧ * φ 0 = 0}.
In each case, Λ k is an irreducible G 2 -module of dimension . Via the Hodge star * : Λ k (V * ) → Λ 7−k (V * ), one can obtain similar decompositions of Λ 4 (V * ) and Λ 5 (V * ).
In the sequel, we will always equip Λ k (V * ) with the usual inner product, also denoted ·, · , given by declaring {e I : I increasing multi-index} (3.1)
to be an orthonormal basis. We let · denote the corresponding norm.
For our calculations in §3.2, we will need the G 2 -equivariant map i, defined on decomposable elements of Sym 2 0 (V * ) as follows:
It is shown in [3] that the image of i is Λ 3 27 , so that the map with restricted image i : Sym
is an isomorphism of G 2 -modules. It is also remarked that with respect to the orthonormal basis {e 1 , . . . , e 7 } of V * , one has i(h ij e i • e j ) = ik h ij e jk .
To invert i, one can use the map
Finally, we remark that from the associative 3-form φ 0 , one can recover the inner product ·, · and volume form vol = e 1···7 via
From these identities, one can show that, in fact, G 2 preserves both ·, · and the orientation on V , so we may regard G 2 ≤ SO(V, ·, · ) SO(7).
G 2 -Structures on 7-Manifolds
That is, at each x ∈ M , there exists a coframe u : T x M → R 7 for which ϕ| x = u * (φ 0 ).
Intuitively, a G 2 -structure is a smooth identification of each tangent space T x M with Im(O) in such a way that ϕ| x and φ 0 are aligned: (T x M, ϕ| x ) (Im(O), φ 0 ). We remark that a 7-manifold M admits a G 2 -structure if and only if it is orientable and spin: see [3] for a proof.
Every G 2 -structure ϕ on M induces a Riemannian metric g ϕ and an orientation form vol ϕ on M via the formulas (3.3), reflecting the inclusion G 2 ≤ SO(7). We caution, however, that the association ϕ → g ϕ is not injective: different G 2 -structures may induce the same Riemannian metric. For a discussion of this point, see [3] .
The first-order local invariants of a G 2 -structure are completely encoded in a certain G 2 -equivariant function
called the intrinsic torsion function, defined on the total space of the G 2 -frame bundle F G 2 → M over M . We think of T as describing the 1-jet of the G 2 -structure. The intrinsic torsion function is somewhat technical to define -the interested reader can find more information in [8] and [13] -but several equivalent reformulations are available. Most conveniently for our purposes: the intrinsic torsion function of a G 2 -structure is equivalent to the data of the 4-form dϕ and the 5-form d * ϕ.
In [3] , the exterior derivatives of ϕ and * ϕ are shown to take the form
We refer to τ 0 , τ 1 , τ 2 , τ 3 as the torsion forms of the G 2 -structure. Following standard conventions, we let W 1 , W 7 , W 14 , W 27 denote the vector bundles Λ 0 (T * M ),
, respectively. Consider the set S consisting of the 2 4 = 16 vector bundles
Definition: Let E ∈ S be a vector bundle on the list above.
We say that a G 2 -structure belongs to the torsion class E iff the torsion forms of the G 2 -
For example, a G 2 -structure belongs to the torsion class W 7 ⊕ W 27 if and only if τ 0 = τ 2 = 0.
Associative 3-Folds and Coassociative 4-Folds
Let (M 7 , ϕ) be a 7-manifold with a G 2 -structure, and consider a tangent space (T x M, ϕ| x ) (V, φ 0 ). The vector space (V, φ 0 ) possesses two distinguished classes of subspaces -associative 3-planes and coassociative 4-planes (to be defined shortly) -first studied by Harvey and Lawson [9] in their work on calibrations. Indeed, they observed that φ 0 and * φ 0 enjoy the following remarkable property:
Proposition 3.1 [9] : The associative 3-form φ 0 and coassociative 4-form * φ 0 have co-mass one, meaning that
for every orthonormal set {x, y, z, w} in V R 7 .
In light of this proposition, it is natural to examine more closely those 3-planes A ∈ Gr 3 (V ) (respectively, 4-planes C ∈ Gr 4 (V )) for which |φ 0 (A)| = 1 (resp., | * φ 0 (C)| = 1). (iii) A = span{u, v, u × v} for some linearly independent set {u, v}. If any of these conditions hold, we say that A is an associative 3-plane. Proposition 3.3 [9] : Let C ∈ Gr 4 (V ) be a 4-plane in V . The following are equivalent:
(i) If {x, y, z, w} is an orthonormal basis of C, then * φ 0 (x, y, z, w) = ±1.
(ii) C ⊥ is associative (iii) φ 0 | C = 0. If any of these conditions hold, we say that C is a coassociative 4-plane.
For proofs of the above propositions, we refer the reader to [9] and [12] .
The G 2 -action on V induces G 2 -actions on the Grassmannians Gr k (V ) of k-planes in V . While these actions are transitive for k = 1, 2, 5, 6, they are not transitive for k = 3, 4: indeed, the (proper) subsets consisting of associative 3-planes and coassociative 4-planes are G 2 -orbits. The corresponding stabilizer, recorded in the following proposition, will play a crucial role in this work: Proposition 3.4 [9] : The Lie group G 2 acts transitively on the subset of associative 3-planes and on the subset of coassociative 4-planes:
In both cases, the stabilizer of the G 2 -action is isomorphic to SO(4).
Definition: Let (M 7 , ϕ) be a 7-manifold equipped with a G 2 -structure ϕ. Identify each tangent space (T x M, ϕ| x ) (V, φ 0 ).
An associative 3-fold in M is a 3-dimensional immersed submanifold Σ ⊂ M for which each tangent space T x Σ ⊂ T x M is an associative 3-plane.
Similarly, a coassociative 4-fold in M is a 4-dimensional immersed submanifold Σ ⊂ M for which each tangent space T x Σ ⊂ T x M is a coassociative 4-plane.
Note that if dϕ = 0, then ϕ is a calibration whose calibrated 3-planes are the associative 3-planes in T x M . Thus, in this case, an associative 3-fold is a calibrated submanifold, and hence a minimal submanifold of M .
Similarly, if d * ϕ = 0, then * ϕ is a calibration whose calibrated 4-planes are the coassociative 4-planes in T x M . Thus, in this case, a coassociative 4-fold is a calibrated submanifold, and hence a minimal submanifold of M .
Some SO(4)-Representation Theory
The Lie group SO(4) is double-covered by the simply-connected group SU(2) × SU(2). The complex irreducible representations of SU(2) × SU(2) are exactly the tensor products V p ⊗ V q of irreducible SU(2)-representations for each factor. The complex irreducible representations of SU (2) are well known to be the spaces of homogeneous polynomials in two variables of fixed degree,
We think of V C p,q as the space of homogeneous polynomials in (x, y; w, z) of bidegree (p, q). When p and q have the same parity the representation V C p,q descends to a representation of SO (4), and each of these representations has a real structure induced by the map (x, y, w, z) → (y, −x, z, −w). This yields a complete description of the real representations of SO (4) .
We work with real representations, letting V p,q denote the real representation underlying V C p,q . In this language, the standard 4-dimensional representation of SO (4) is V 1,1 , while the adjoint representation so(4) is V 2,0 ⊕ V 0,2 . The ordering of the subscripts is chosen so that the representation Λ 2 + (R 4 ) of SO(4) on the self-dual 2-forms is V 0,2 . The Clebsch-Gordan formula applied to each SU(2) representation gives the irreducible decomposition of a tensor product of SO(4)-modules:
SO(4) as a subgroup of G 2
In our calculations we shall need a concrete realization of SO (4) as the stabilizer of an associative or coassociative plane. Let SO(4) act on V ∼ = R 7 via the identification V ∼ = V 0,2 ⊕ V 1,1 , and let (e 1 , ..., e 7 ) be an orthonormal basis of V such that
• e 1 , e 2 , e 3 ∼ = V 0,2 and e 4 , e 5 , e 6 , e 7 ∼ = V 1,1 ,
• is SO(4)-invariant, and thus the action of SO (4) on V gives an embedding SO(4) ⊂ G 2 . The 3-plane e 1 , e 2 , e 3 is associative and preserved by the action of SO (4), while the 4-plane e 4 , e 5 , e 6 , e 7 is coassociative and preserved by the action of SO(4).
Decomposition of 1-Forms on V *
Let V be as in the previous section. We have
C ∼ = e 4 , e 5 , e 6 , e 7 .
As abstract SO(4)-modules, we have isomorphisms A ∼ = V 0,2 and C ∼ = V 1,1 .
Notation:
We let : V → V * via X := X, · denote the usual musical (index-lowering) isomorphism induced by the inner product ·, · on V , and let
denote its inverse. In the sequel, we let A , C ⊂ V denote the images of A, C ⊂ V * under the isomorphism.
Decomposition of 2-Forms on V *
We now seek to decompose Λ 2 (V * ) into SO(4)-irreducible submodules. As noted in §3.1 above, Λ 2 (V * ) splits into G 2 -irreducible submodules as
On the other hand, using V * = A ⊕ C, we may also decompose Λ 2 (V * ) as
We will refine both decompositions (3.6) and (3.7) into SO(4)-submodules. To begin, note first that as SO(4)-modules, we have that Λ 2 (A) ∼ = Λ 2 + (C) ∼ = V 0,2 and Λ 2 − (C) ∼ = V 2,0 are irreducible. Thus, it remains only to decompose Λ 2 7 , Λ 2 14 , and A ⊗ C.
The reader can check that, in fact,
Consider the SO(4)-module isomorphism
It is straightforward to check that L A and L C are well-defined SO(4)-module isomorphisms, and that L A = * A coincides with the usual Hodge star operator on A. Finally, we define the map
Again, the reader can check that W is a well-defined SO(4)-module isomorphism. We caution that the maps L, L C , and W are not isometries.
Lemma 3.5: The decompositions
consist of SO(4)-irreducible submodules. Thus, the decomposition
is SO(4)-irreducible and refines (3.6), while
is SO(4)-irreducible and refines (3.7).
Proof: The decomposition (3.8) follows from the isomorphism V → Λ 2 7 , X → ι X (ϕ 0 ) and the irreducible decomposition V ∼ = A ⊕ C.
By a dimension count, the SO(4)-invariant subspace Λ 2 14 of Λ 2 (V * ) must be isomorphic to the SO(4)-module V 0,2 ⊕ V 2,0 ⊕ V 1,3 , while, by the Clebsch-Gordan formula, the space A ⊗ C is isomorphic to V 1,3 ⊕ V 1,1 . It follows from Schur's lemma that the space (Λ 2 14 ) 1,3 is isomorphic to the SO(4)-module V 1,3 . The space (Λ 2 14 ) A is the image of A under the isomorphism W defined above, so it is an irreducible SO(4)-module, while the space (Λ 2 14 ) 2,0 is isomorphic to Λ 2 − (C) ∼ = V 2,0 so it is an irreducible SO(4)-module. Thus, the decomposition (3.9) consists of irreducible SO(4)-modules.
To see that (3.10) is an irreducible decomposition, note that we have already shown that both (Λ 2 7 ) C and (Λ 2 14 ) 1,3 are irreducible SO(4)-modules. ♦ Definition: We define the map
The map is an SO(4)-module isomorphism, and (because of the factor of √ 6) an isometry with respect to the inner product (3.1) on Λ 2 (V * ).
Decomposition of the Quadratic Forms on V *
Before turning to the decomposition of Λ 3 (V * ), we take a moment to decompose Sym 2 0 (V * ) into SO(4)-irreducible pieces. To this end, we first use V * = A ⊕ C to split
Each of these summands is SO(4)-irreducible, with the exception of A ⊗ C, which splits into irreducible summands as
where (A ⊗ C) 1,3 and (A ⊗ C) C are submodules isomorphic to V 1,3 and C, respectively. Here we must confess to employing a slight abuse of notation. In §3.2.1, we used A ⊗ C to denote a submodule of Λ 2 (V * ), whereas here in §3.2.2, we are using the same symbol A ⊗ C to denote a submodule of Sym 2 (V * ). Abstractly, these two SO(4)-modules are isomorphic, as are their irreducible summands. By Schur's Lemma, there is a one-dimensional family of SO (4)
. For computations, we will make use of the particular SO(4)-module isomorphism
defined as follows. In terms of a basis {e 1 , . . . , e 6 } of V * with A = span(e 1 , e 2 , e 3 ) and C = span(e 4 , e 5 , e 6 ), the map s will formally replace ∧ symbols with • symbols in each e i ∧ e j term with i < j. So, for example, Finally, we remark that Sym 2 0 (V * ) decomposes into irreducible SO(4)-modules as Sym
(3.14)
Decomposition of 3-Forms on V *
We now turn to Λ 3 (V * ). As noted in §3.1, Λ 3 (V * ) splits into G 2 -irreducible submodules as
The summand Λ 3 1 ∼ = R is SO(4)-irreducible, but the summands Λ 3 7 and Λ 3 27 are not. On the other hand, using V * ∼ = A ⊕ C, we also have the decomposition:
Three of these summands are SO(4)-irreducible, namely Λ 3 (A) ∼ = V 0,0 and A ⊗ Λ 2 − (C) ∼ = V 2,2 and Λ 3 (C) ∼ = V 1,1 . Meanwhile, the second and third summands Λ 2 (A) ⊗ C and A ⊗ Λ 2 + (C) are not.
As in §3.2.1 above, we will refine both (3.15) and (3.16) into SO(4)-irreducible submodules, though only the refinement of (3.15) will be used in this work. We begin with (3.15).
Definition: Recall the isomorphism
27 of (3.2) and recall the SO(4)-irreducible splitting of Sym 2 0 (V * ) given in (3.13). We define 
27 of (3.2) and s : (Λ 2 7 ) C → (A ⊗ C) C of (3.12). We define † : (Λ 3 27 ) 0,0 → R to be the unique vector space isomorphism for which
where E 0 is as in (3.14). The map † is an isometry (due to the choice of 4 √ 42) with respect to the inner products (3.1).
We will also need the composition of SO(4)-module isomorphisms
This map is an isometry due to the factor of
. We denote the inverse of this isometric isomorphism by 
we obtain decompositions
Remark: The reader can check that some of the above submodules of Λ 3 (V * ) are, in fact, equal to one another. Namely, we have the equalities
The Refined Torsion Forms
Let (M 7 , ϕ) be a 7-manifold equipped with a G 2 -structure ϕ. Fix a point x ∈ M , choose an arbitrary associative 3-plane A ⊂ T x M , and let C ⊂ T x M denote its orthogonal coassociative 4-plane. Our purpose in this section is to understand how the torsion of the G 2 -structure decomposes with respect to the splitting
In §3.3.1, we use the decompositions of Lemmas 3.5 and 3.6 to break the torsion forms τ 0 , τ 1 , τ 2 , τ 3 into SO(4)-irreducible pieces called refined torsion forms. Separately, in §3.3.2, we set up the G 2 -coframe bundle π : F G 2 → M following [3] , repackaging the original G 2 torsion forms τ 0 , τ 1 , τ 2 , τ 3 as a matrix-valued function
Finally, in §3.3.3, we express the functions T ij in terms of the (pullbacks of the) refined torsion forms.
The Refined Torsion Forms in a Local SO(4)-Frame
Fix x ∈ M and split T * x M = A ⊕ C as above. All of our calculations in this subsection will be done pointwise, and we will suppress reference to x ∈ M . By the Lemmas 3.5 and 3.6, the torsion forms τ 0 , τ 1 , τ 2 , τ 3 decompose into SO(4)-irreducible pieces as follows:
We refer to τ 0 , (τ 1 ) A , (τ 1 ) C , . . . , (τ 3 ) C as the refined torsion forms of the G 2 -structure at x relative to the splitting T * x M = A ⊕ C.
We seek to express the refined torsion forms in terms of a local SO(4)-frame. To that end, let {e 1 , . . . , e 7 } be an orthonormal basis for T x M for which we have A = span(e 1 , e 2 , e 3 ) and C = span(e 4 , e 5 , e 6 , e 7 ). Let {e 1 , . . . , e 7 } denote the dual basis for T * x M .
Index Ranges: We will employ the following index ranges: 1 ≤ p, q ≤ 3 and 4 ≤ α, β ≤ 7 and 1 ≤ i, j, k, , m ≤ 7 and 1 ≤ δ ≤ 8 and 1 ≤ a ≤ 5.
Definition: Define the 2-forms We also define Γ p = 2 * A e p − Υ p (no summation).
Lemma 3.7:
We have that:
Definition: Define the 3-forms
and where θ = (θ ij ) ∈ Ω 1 (F G 2 ; g 2 ) is a connection 1-form (the so-called natural connection of the G 2 -structure ϕ) and γ ∈ Ω 1 (F G 2 ; R 7 ) is a π-semi-basic 1-form. Here, we are viewing
Since γ is π-semibasic, we may write
. The 1-form γ, and hence the functions T ij , encodes the torsion of the G 2 -structure. In this notation, the first structure equation reads
Remark: The reader may wonder how the functions T ij are related to the forms τ 0 , τ 1 , τ 2 , τ 3 . In [3] , Bryant expresses the torsion forms τ 0 , τ 1 , τ 2 , τ 3 in terms of T ij as:
In the next section, we will exhibit a sort of inverse to this, expressing the T ij in terms of the refined torsion forms π * (τ 0 ), π * ((τ 1 ) A ), . . . , π * ((τ 3 ) C ).
Decomposition of the Torsion Functions
For our computations in §3.4 and §3.5, we will need to express the torsion functions T ij in terms of the functions A p , B α , . . . , L δ , M α . To this end, we will continue to work on the total space of the G 2 -coframe bundle π : F G 2 → M , pulling back all of the quantities defined on M to F G 2 . Following common convention, we systematically omit π * from the notation, so that (for example) π * (τ 0 ) will simply be denoted τ 0 , etc. Note, however, that π * (e j ) = ω j .
Into the left-hand sides, we substitute ϕ = 1 6 ijk ω ijk and * ϕ = 1 24 ijk ω ijk and use the first structure equation (3.22 ) to obtain
Into the right-hand sides, we again substitute ϕ = 1 6 ijk ω ijk and * ϕ = 1 24 ijk ω ijk , as well as the expansions (3.19) and (3.20) .
Upon equating coefficients, we obtain a system of 56 = 7 4 + 7 5 linear equations relating the 49 = 7 2 functions T ij on the left side to the 49 = dim(H 0,2 (g 2 )) functions τ 0 , A p , B α , . . . , L δ , M α on the right side. One can then use a computer algebra system (we have used Maple) to solve this linear system for the T ij .
We now exhibit the result, taking advantage of the SO(4)-irreducible splitting
to highlight the structure of the solution.
We have 1 2 
The above relations are more than we need for this work. In fact, we will only make use of the following relations, which can be read off from the above:
and
Mean Curvature of Associative 3-Folds
In this section, we derive a formula (Theorem 3.9) for the mean curvature of an associative 3-fold in an arbitrary 7-manifold (M, ϕ) with G 2 -structure ϕ.
We continue with the notation of §3.3, letting π : F G 2 → M denote the G 2 -coframe bundle of M , and ω = (ω A , ω C ) ∈ Ω 1 (F G 2 ; A ⊕ C ) denoting the tautological 1-form. We remind the reader that θ = (θ ij ) ∈ Ω 1 (F G 2 ; g 2 ) is the natural connection 1-form, and that γ = (γ ij ) ∈ Ω 1 (F G 2 ; R 7 ) is a π-semibasic 1-form encoding the torsion of ϕ. We will continue to write γ ij = ijk γ k and
Let f : Σ 3 → M 7 denote an immersion of an associative 3-fold into M , and let f * (F G 2 ) → Σ denote the pullback bundle. Let B ⊂ f * (F G 2 ) denote the subbundle of coframes adapted to Σ, i.e., the subbundle whose fiber over x ∈ Σ is
We recall (Proposition 3.4) that G 2 acts transitively on the set of associative 3-planes with stabilizer SO(4), so B → Σ is a well-defined SO(4)-bundle. Note that on B, we have
For the rest of §3.4, all of our calculations will be done on the subbundle B ⊂ F G 2 .
We now exploit splitting
A ⊕ C to decompose θ and γ into SO(4)-irreducible pieces. To decompose the connection 1-form θ ∈ Ω 1 (B; g 2 ), we split
so that θ takes the block form
Similarly, the 1-form γ ∈ Ω 1 (B; R 7 ) breaks into block form as:
In this notation, the first structure equation (3.22) on B reads:
Note that on B, the 1-forms σ δ and γ α are semibasic, and we write
for some function S = (S δp ) : B → V 1,3 ⊗ A, recalling our index ranges 1 ≤ p ≤ 3 and 4 ≤ α ≤ 7 and 1 ≤ δ ≤ 8. Now, the 24 functions S δp and the 12 functions T αp are not independent: the equation (3.26) amounts to 12 = 4 In particular, these relations imply:
With these calculations in place, we may finally compute the mean curvature of an associative 3-fold:
Theorem 3.9: Let Σ ⊂ M be an associative 3-fold immersed in a 7-manifold M equipped with a G 2 -structure. Then the mean curvature vector H of Σ is given by
In particular, the largest torsion class of G 2 -structures ϕ for which every associative 3-fold is minimal is W 1 ⊕ W 14 = W 1 ∪ W 14 , i.e., the class for which dϕ = λ * ϕ for some λ ∈ R.
To evaluate the first term in (3.28), we substitute σ δ = S δp ω p , followed by (3.27), and finally (3.23), to obtain:
Similarly, to evaluate the second term in (3.28), we substitute γ α = T αp ω p followed by In particular, the largest torsion class for which H = 0 for all associatives is the one for which τ 1 = τ 3 = 0, which is W 1 ⊕ W 14 = W 1 ∪ W 14 . ♦
Mean Curvature of Coassociative 4-Folds
In this section, we derive a formula (Theorem 3.12) for the mean curvature of a coassociative 4-fold in an arbitrary 7-manifold (M, ϕ) with G 2 -structure ϕ. In the process, we observe a necessary condition (Theorem 3.10) for the local existence of coassociative 4-folds. We continue with the notation of §3.3.
Let f : Σ 4 → M 7 denote an immersion of a coassociative 4-fold into M , and let f * (F G 2 ) → Σ denote the pullback bundle. Let B ⊂ f * (F G 2 ) denote the subbundle of coframes adapted to Σ, i.e., the subbundle whose fiber over x ∈ Σ is
We recall (Proposition 3.4) that G 2 acts transitively on the set of coassociative 4-planes with stabilizer SO(4), so B → Σ is a well-defined SO(4)-bundle. Note that on B, we have
For the rest of §3.5, all of our calculations will be done on the subbundle B ⊂ F G 2 .
As in §3.4, we use the splitting T x M = (T x Σ) ⊥ ⊕ T x Σ A ⊕ C to decompose θ and γ into SO(4)-irreducible pieces. The result is the identical: the connection 1-form θ ∈ Ω 1 (B; g 2 ) takes the block form In this notation, the first structure equation (3.22) on B reads: We may now compute the mean curvature of a coassociative 4-fold:
Theorem 3.12: Let Σ ⊂ M be a coassociative 4-fold immersed in a 7-manifold M equipped with a G 2 -structure. Then the mean curvature vector H of Σ is given by
In particular, the largest torsion class of G 2 -structures ϕ for which every coassociative 4-fold is minimal is W 1 ⊕ W 27 , i.e., the class for which d * ϕ = 0.
Proof: Let β α := * C (ω α ) ∈ Ω 3 (B) and vol C = ω 4567 . The mean curvature vector may be computed as follows: In particular, the largest torsion class for which H = 0 for all coassociatives is the one for which τ 1 = τ 2 = 0, which is W 1 ⊕ W 27 . ♦
